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We study in detail the deformations of a liquid-liquid interface induced by the electromagnetic radiation
pressure of a focused cw laser beam. Using a simple linear model of static equilibrium of the interface under
the effect of radiation pressure, buoyancy, and Laplace pressure, we explain the observed hump height varia-
tions for any value of the optical Bond number Bo= ��0 /�c�2 ��c is the capillary length and �0 is the waist of
the beam� in the regime of weak deformations and show that the deformations are independent of the direction
of propagation of the laser. By increasing the beam power, we observe an instability of the interface leading to
the formation of a long jet when the laser propagates from the more refringent phase to the less refringent one.
We propose that the total internal reflection of the incident light on the highly deformed interface could be at
the origin of this instability. Using a nonlinear model of static equilibrium of the interface taking account of the
angular dependance of radiation pressure, we explain the measured beam power threshold of the instability P↑,
as well as the shape of the interface deformations observed at large waists just below the instability onset.
According to this model, the instability should occur when the interface slope reaches the angle of total
reflection, �TR. We find experimentally that, just below the instability threshold, the maximum incidence angle
along the interface, �imax, is significantly smaller than �TR and that our nonlinear model does not present any
instability up to �imax=�TR. Thus, although the proposed instability model correctly predicts the instability
threshold P↑, it fails to describe the actual instability mechanism. We finally discuss possible additional effects
that could explain the instability.
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I. INTRODUCTION

Since Maxwell’s calculation of the sunlight radiation
pressure on a mirror �1�, the force exerted by light on sur-
faces has been a topic of intense discussions �2–4�. Maxwell
predicted that a light beam of intensity I impinging normally
upon a surface of reflectivity R exerts a pressure �r analo-
gous to that of a beam of material particles. In 1861, he
derived the following formula: �r= �1+R�I /c. The first at-
tempt at an experimental proof of the existence of the radia-
tion pressure �r on a mirror in vacuum was performed by
Lebedev �5� in 1901. The experiment was further improved
by Nichols and Hull �6� in 1903. Both calculated and ob-
served surface forces were proved to act inwards to the re-
flecting mirror. In 1905, Poynting �7� extended the treatment
of the radiation pressure to the case of light refraction. By
considering light incident from vacuum on the surface of a
transparent dielectric, he predicted an outward force, normal
to the surface, irrespective of the angle of incidence. This
was in agreement with previous calculations by Thomson
�8�. An outward normal force has indeed been experimen-
tally demonstrated by Ashkin and Dziedzic �9� when a laser
beam crosses the water free surface. However, these obser-
vations revealed, in fact, a still continuing controversy for

the expression of the photon momentum in dielectric media;
depending on the expression of the momentum density of the
electromagnetic field inside a dielectric, either the Abraham
or the Minkowski form, the surface force is predicted to act
inwards or outwards. We refer the reader interested in this
conflict in radiation pressure theory to nice reviews and ar-
ticles such as those written by Brevik �10�, Loudon �11�,
Obukhov and Hehl �12�, or Mansuripur �3�. Despite Ashkin
and Dziedzic’s observations, it was concluded that the direc-
tion of the fluid interface deformation could not be consid-
ered as sufficient proof to definitely answer the controversy,
because laser waves also give birth to radial forces due to
their Gaussian intensity profile �11,13�.

Contrary to the theoretical point of view, experiments
converge towards a unified picture. Indeed, since the seminal
work of Ashkin and Dziedzic �9�, all the investigations per-
formed with lasers on fluid interfaces have invariably re-
trieved the behavior predicted by Poynting—i.e., the emer-
gence of an outward surface force �14–17�. The
generalization to interfaces between two dielectrics leads to
surface forces directed towards the medium of the lowest
index of refraction �18,19�.

As illustrated in the following, the optical surface force is
proportional to the refractive index contrast between the me-
dia on both sides of the interface. Consequently, the ampli-
tude of the expected optical forcing is intrinsically weak in
any case. Since the radiation pressure has to compete with
the surface tension �Laplace pressure� and buoyancy �hydro-
static pressure�, the resulting interface deformation is also
very weak in general. Consequently, the induced surface
force is often investigated indirectly from the lensing associ-
ated with the interface deformation �9,16,17� or by interfero-
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metric holography �14�. This weakness also suggests why
radiation pressure effects received much less attention than
optical trapping and tweezing �20�. However, the emergence
of soft materials in the 1980’s brought a sort of second birth
to optical surface forces. Indeed, as surfactants and mem-
branes are often characterized by low surface tension, it be-
came possible to directly deform soft interfaces at reasonably
low irradiance without the help of a beam-trapped bead
�21,22�. This property allows for quantitative measurements
of ultralow surface tension in a contactless manner �19�.
Moreover, since optical dynamometry is generally limited to
large vesicles, radiation pressure was also used to quantita-
tively determine the elasticity of small vesicles �23� and cells
�24,25�. As the bending of these soft interfaces was still
weak, all these experiments, and others �18�, essentially in-
vestigated the linear regime of deformation.

If now this linear regime starts to be well documented,
our understanding of the nonlinear behaviors in deformations
appearing at much larger laser illuminations, when reach-
able, is still at a very early stage. Impressive pictures of
water droplets shape distortions driven by laser pulses were
already presented more than 15 years ago by Zhang and
Chang �15�. In their experiments, large deformations at the
front and rear of a water droplet intercepted by the beam
were observed with eventual free-surface disruption on the
exit face under even higher illumination. Even if significant
success has been achieved in the theoretical description of
the weakly nonlinear regime of deformation �26,27�, such a
scheme, based on linear wave theory, cannot explain giant
deformations and the subsequent droplet disruption.

Using very soft transparent liquid interfaces, the present
research aims to give a general description of these optical
radiation pressure effects. We experimentally investigate the
shape and amplitude of stationary laser-induced interface de-
formations from the linear to the highly nonlinear regime
until the onset of interface instability. Results are compared
to predictions from existing models. Moreover, by investigat-
ing the curvature of interface deformations very close to the
instability onset, we discuss the validity of the instability
mechanism previously suggested �28�. To explore the under-
lying physics, we used near-critical liquid-liquid interfaces.
As surface tension vanishes close to a critical point, this
near-criticality offers invaluable conditions to investigate the
full range in interface deformation at steady state under
continuous-wave laser excitation—i.e., in conditions that are
particularly favorable for quantitative investigations. By
varying the interface softness with a temperature scanning
and changing the size of the exciting beam, it becomes in-
deed possible to give a sort of universal point of view on
laser-induced interface deformation. The related dynamics
and the corresponding time scales close to and far from in-
stability onset are discussed in detail in a companion article
�29�.

We first present in Sec. II the characteristic features of the
electromagnetic radiation pressure and of the experimental
setup. Section III is devoted to the theoretical and experi-
mental results concerning static interface deformations of
small amplitude �so-called “linear regime”� induced by the
radiation pressure. In particular, we show that the height and
shape of small-amplitude deformations do not depend on the

direction of propagation of the beam �“up-down” invari-
ance�. At large enough beam power, this up-down invariance
breaks apart and the interface shapes vary with the direction
of propagation of the laser beam. In Sec. IV, we study the
interface instability which occurs when the incident laser
beam exceeds a given power, leading to the formation of a
long jet. We propose a simple mechanism of instability that
accurately predicts the values of the beam power at which
the instability develops. This model is based on the hypoth-
esis that instability occurs when the maximum of the angle
of incidence along the deformed interface reaches the angle
of total reflection. This leads to a focusing of the incident
electromagnetic energy towards the tip of the deformation
and consequently to a huge increase of the radiation pressure
acting on it. In order to check the validity of this instability
mechanism, we measure the angle of incidence along the
deformed interface at the instability threshold. We show that
its maximum is noticeably smaller than the angle of total
reflection, implying that only a small amount of incident
electromagnetic energy is reflected towards the deformation
tip at the instability threshold. In Sec. V, we finally show that
a simple nonlinear numerical model of the interface defor-
mation describes satisfactorily the observed deformations
just below the instability threshold, although it does not
present any numerical instability. Using this numerical com-
putation, we explain why the model of total internal reflec-
tion, although crude, accurately predicts the beam power
threshold at which the instability occurs. Finally, we con-
clude in Sec. VI.

II. PRINCIPLES OF THE EXPERIMENT

In this section, we first present the main characteristic
features of the electromagnetic radiation pressure at the in-
terface between two dielectric fluids. The fact that the radia-
tion pressure is usually very weak justifies our choice of a
very soft liquid interface, whose properties are presented. We
end by describing the experimental setup used for deforming
and visualizing deformed liquid interfaces.

A. Electromagnetic radiation pressure at
an interface between two dielectric media

To figure out a simple and intuitive picture of the electro-
magnetic radiation pressure, let us consider the flat interface
between two dielectric, nonmagnetic media labeled 1 and 2,
of uniform refractive index n1 and n2 �n1�n2�. We assume
this interface to be irradiated at normal incidence by a mono-
chromatic light beam �frequency �, direction of propagation
along the unit vector u�. Since the momentum p of a photon
is proportional to the refractive index of the medium through
which it propagates, pi=ni�h� /c�u, it varies when the photon
is refracted at the interface between the two media. From
Newton’s second law, this variation of momentum is induced
by a force exerted on the photon by the interface. Consider-
ing first the configuration of a downward beam incident from
the upper, more refringent medium 2 to the lower, less re-
fringent medium 1 �cf. Fig. 1�a��, the decrease of the photon
momentum p1−p2= �n1−n2��h� /c�u when crossing the inter-
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face is due to an upward force. From Newton’s third law, the
force exerted by the photon on the interface is its opposite—
i.e., directed downward from the more to the less refringent
medium. Considering now the reversed situation of an up-
ward beam �cf. Fig. 1�b��, it is straightforward to show that
the force exerted by the photon on the interface is the same,
as it gains momentum when crossing the interface. This sim-
plified corpuscular point of view shows that the direction of
the force exerted on the interface by a refracted photon is
independent of the direction of propagation of the electro-
magnetic wave.

To determine the actual radiation force exerted by the
photons incident on the interface with an angle of incidence
�i, which is equal to the opposite of the variation per unit
time of their momentum, one has to take into account the
proportion of refracted and reflected photons at the interface,
given by the classical reflection and transmission coefficients
in electromagnetic energy R and T=1−R �30�. Since n1
�n2 in our two-fluid sample, R and T do not quantitatively
depend on the polarization state of the incident wave �31�.
Considering here the case of a downward beam incident
from medium 2 to medium 1 with an angle of incidence, �i,
as indicated in Fig. 2, it is shown in Appendix A that the
radiation force f acting on a portion of an interface of unit
area is

f = n2 cos2 �i�1 + R −
tan �i

tan �t
T� I

c
n2→1, �1�

where I is the laser beam intensity, �t the angle of refraction
�n2 sin �i=n1 sin �t�, and n2→1 is the unit vector normal to
the interface and directed from medium 2 to medium 1.
Since this force is always normal to the interface whatever
the angle of incidence, its intensity is called the radiation
pressure �hereafter noted ��. At normal incidence, f simpli-
fies to

f��i = 0� = 2n2�n1 − n2

n1 + n2
� I

c
n2→1. �2�

Considering now the case of an upward beam incident
from medium 1 to medium 2, we obtain the expression of the
radiation force per unit area just by inverting indices 1 and 2
in Eq. �1�. Applying this transformation to the expression for
f at normal incidence, Eq. �2� evidences the fact that the
direction of the radiation force is independent of the beam
direction �“up-down” invariance�. It has to be noted that this
property of the radiation pressure remains valid for any value
of the angle of incidence.

Equation �2� also allows us to calculate an order of mag-
nitude of the radiation pressure. For typical conditions—i.e.,
excitation by a continuous-wave laser beam of power P
=1 W focused on a 10-�m2 surface at an interface of index
contrast 0.1—one finds 10 Pa. This intrinsically small value
shows that we need to use very soft fluid interfaces in order
to be able to noticeably deform them. It also illustrates why
the deformation of classical interfaces �liquid free surface,
for instance� is so small �9,16�.

B. Fluid interface used

In order to achieve a very soft liquid interface, we con-
sider the near-critical two-phase equilibrium state of a micel-
lar phase of a microemulsion. The microemulsion is com-
posed of water, oil �toluene�, surfactant �sodium-dodecyl-
sulfate �SDS��, and cosurfactant �n-butanol-1�. For low
concentrations of both water and surfactant, such a mixture
organizes at thermodynamic equilibrium as a suspension of
surfactant-coated water nanodroplets, the micelles, dispersed
in an oil continuum. The micellar phase behaves as a binary
mixture of micelles and oil. There exists a critical line of
consolute points with associated reverted coexistence curves
�32�. For the chosen composition �mass fractions: water, 9%,
toluene, 79%, SDS, 4%, butanol, 17%�, the micelle radius is
�0=40 Å �33�. This value is small enough to let the mixture
be transparent in the visible spectrum. This micellar phase of
microemulsion belongs to the d=3, n=1 universality class of
the Ising model �34�. Its critical temperature is Tc�35 °C.
Above Tc, this mixture separates in two micellar phases, la-

FIG. 1. Variation of photon momentum �solid arrows� at the
interface between two dielectric, nonmagnetic liquids. �a� Down-
ward propagating photon. �b� Upward propagating photon. Dotted
arrows represent the momentum transferred from the photon to the
interface. 	1 and 	2 are the densities of the two fluids and g� is the
acceleration of gravity.

FIG. 2. Picture of the steady interface just below the instability
threshold in order to illustrate the notations. The interface is de-
formed by a laser beam of power P=480 mW and waist �0

=3.47 �m, propagating downward. The sample temperature T is
41 °C—i.e., 6 K above the critical temperature Tc. Incidence, re-
flection, and transmission are illustrated by the corresponding ar-
rows. �i and �t are, respectively, the incident and refracted angles.
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beled 1 and 2, characterized by different concentrations of
micelles 
1 and 
2, as indicated by the phase diagram sche-
matically shown in Fig. 3. In the vicinity of its consolute
point, some properties of this critical two-phase mixture
present scaling-law behaviors that are characteristic of the
critical phenomena associated with second-order phase tran-
sitions �with 
1−
2 as the order parameter�. These quantities
are the volume fraction contrast


1 − 
2 = �
0�T − Tc

Tc
��

, �3�

with �
0=1.458 and �=0.325; the density contrast

	1 − 	2 = �	0�T − Tc

Tc
��

, �4�

with �	0=284 kg m−3; the refractive index contrast

n1 − n2 = �n0�T − Tc

Tc
��

, �5�

with �n0���n /�	�T�	0 and ��n /�	�T=−1.2210−4

m3 kg−1; the surface tension

� = �0�T − Tc

Tc
�2�

, �6�

with �=0.63 and �0=10−4 J m−2; and the capillary length

�c =� �

�	1 − 	2�g
= �c0�T − Tc

Tc
��−�/2

, �7�

with �c0=��0 /�	0g=190 �m, g being the acceleration of
gravity. Our motivations to use such a medium are clearly
illustrated by the following reasons. At T−Tc	1 K, we find
�	10−7 J m−2, an extremely low value compared to that of
the water free surface, which makes the interface very soft
and deformable. Another obvious advantage of such a fluid
interface is the possibility to tune continuously the above-
presented properties just by changing the sample temperature
T.

C. Experimental setup

1. Laser beam tuning

Since the laser beam intensity depends on both the beam
power and waist, the experimental setup, schematized in Fig.
4, is conceived so as to focus a vertical laser beam on the
horizontal fluid interface in the sample cell C and to tune the
beam waist �0. The beam is provided by a continuous-wave
Ar+ laser �wavelength in vacuum �0=514 nm� in the TEM00
mode. The lens L1 forms a first intermediate waist. Selection
of the upward or downward direction of the laser beam is
achieved by turning the polarization of the laser light with a
half-wave plate � /2 and directing it using the beam splitter
�BS�. Beam waist tuning in C is performed by moving the
prism �Pr� to vary the optical path between L1 and the long-
working-distance microscope objectives �10 �, either O1

�upward beam� or O2 �downward beam�. The accessible
range of the beam waists is �0=4.8–32.1 �m ��0

=3.47–11.3 �m� for an upward �downward� beam. The as-
sociated confocal parameter Z=n��0

2 /�0 is always larger
than 100 �m. Consequently, close to the interface, the inten-
sity distribution I�r ,z� associated with the incident beam can
be assumed as cylindrical along the beam axis �Oz�, so
I�r ,z�� I�r�= �2P /��0

2�exp�−2r2 /�0
2� ��r ,z� are the cylindri-

cal coordinates and P is the beam power�. As the beam waist
altitude varies with the optical path between L1 and either O1
or O2, C is mounted on translation stages to precisely locate
the beam waist on the interface.

2. Sample observation

The two-phase micellar microemulsion sample is con-
tained in a hermetic transparent glass cell, whose tempera-
ture is regulated with a stability of ±0.05 K. The phase dis-
tribution within the sample cell is shown schematically in
Fig. 3 and is illustrated by the picture in Fig. 4. Interface
deformations are illuminated by a white light source and are
observed using a charge-coupled device �CCD� video cam-
era. The beam path through the sample can be either ob-
served, since some fraction of the beam intensity is scattered

FIG. 3. Left: schematic phase diagram of the micellar phase of
microemulsion for the composition described in text. 
 is the mi-
celle volume fraction; T is temperature. Right: corresponding rep-
resentation of the phase distribution within the sample in a two-
phase state �T�Tc�.

FIG. 4. Experimental setup.
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by the micelles, or completely hidden by placing a colored
glass filter on front of the camera.

III. LINEAR REGIME OF STATIC DEFORMATION

In order to understand why a liquid interface can be de-
stabilized by the optical radiation pressure at a well-defined
beam power onset, it is necessary to get a clear view of the
physics underlying the weak-amplitude interface deforma-
tion obtained at much lower beam powers. This section is
dedicated to this purpose.

Under the effect of the radiation pressure associated with
the focused laser beam and after a short transient, the liquid
interface presents a steady, axisymmetric bell-shaped defor-
mation. Two examples are given in Figs. 2 and 4. The shape
of the deformation results from the equilibrium between the
radiation pressure, hydrostatic pressure difference, and
Laplace pressure at the interface.

A. Scaling approach

As the typical length scale of optical excitation is the
beam waist �0, we define an optical Bond number Bo
= ��0 /�c�2. Bo can be experimentally varied over a wide
range, from 0.01 to 5, by independently changing the sample
temperature T and the beam waist �0.

On the one hand, interfacial effects overcome buoyancy
effects in the Bo�1 regime. Assuming that the hump of
height h has a typical curvature radius of �0, we can get an
order of magnitude of h by equating the radiation pressure
P�n2−n1� /c�0

2 �using Eq. �2�, I	 P /�0
2 and n1�n2� and the

Laplace pressure �h /�0
2. We find h	 P�n2−n1� /�c.

On the other hand, gravitational effects dominate interfa-
cial effects in the Bo�1 regime. By equaling the hydrostatic
pressure step at the interface �	1−	2�gh and the radiation
pressure, we get

h 	 � �n

�	
�

T

P

�0
2

1

gc
.

Note that in the Bo�1 regime h scales as P, whereas h
scales as I in the Bo�1 regime.

B. Linear model

The axisymmetric interface deformations are naturally de-
scribed in cylindrical coordinates �r ,� ,z� centered along the
beam axis �Oz� by the height h�r� of the deformed interface
shifted from its flat position at rest or, equivalently, by the
angle �i�r�=arctan�h��r�� between the deformed interface
and the horizontal �see Fig. 2�. Assuming that the equilib-
rium shape of the interface is only determined by the balance
between the electromagnetic radiation pressure, the hydro-
static pressure difference, and the Laplace pressure at the
interface—i.e., neglecting electrostriction �10� and ther-
mocapillary effects �35�—the steady interface profile should
be accurately described by the following equation:

�	1 − 	2�gh�r� − ���r� = ��r,z,�i� , �8�

where

��r� =
1

r

d

dr
�r sin �i�r�� =

1

r

d

dr� rh��r�
�1 + h�2�r�

�
is the curvature of the interface and ��r ,z ,�i� the radiation
pressure given by Eq. �1�.

Small-amplitude deformations are defined as those for
which 
h��r� 
 = 
tan �i�r� 
 �
�i�r� 
 �1. This condition has
three consequences. �i� ��r���1/r��d /dr��rh��r��. �ii� The
laser beam can be considered as impinging on the interface at
normal incidence. �iii� Although the beam is focused by the
lens effect of the deformed interface �36�, the resulting fo-
cusing is not perceptible at the deformation tip, so these
beam perturbations do not modify the interface shape in turn
�no propagation-deformation feedback�. This means that the
radiation pressure is only due to the incident, parallel laser
beam: �=��r ,�i=0�. Thus, steady deformations of small
amplitude should be described by the linearized expression
of Eq. �8�. This linear approximation leads to

�	1 − 	2�gh�r� − �
1

r

d

dr
�rh��r��

= −
ni

c

n2 − n1

n1 + n2

4P

��0
2 exp�−

2r2

�0
2 � , �9�

where i=1 �i=2� corresponds to an upward �downward�
beam crossing the interface from medium 1 to medium 2
�from medium 2 to medium 1�.

In the Bo�1 regime, the solution of Eq. �9� is simply

h�r�Bo�1 = − � �n

�	
�

T

ni

n1 + n2

4P

�gc�0
2 exp�−

2r2

�0
2 � . �10�

Since n1�n2 near criticality, the height of the hump is

h�r = 0�Bo�1 � � �n

�	
�

T

2P

�gc�0
2 , �11�

as expected from the scaling approach. Moreover, Eq. �10�
shows that the curvature radius of the hump scales as �0, as
assumed in the scaling approach.

In the Bo�1 regime, the solution of Eq. �9� reads

h�r�Bo�1 = −
ni

c

n2 − n1

n2 + n1

P

2��
�E1� 8

�Bo
� − E1�2r2

�0
2 �

− ln��Bo

4

r2

�0
2�� , �12�

where E1 is the one-argument exponential function �E1�x�
=x

+��e−u /u�du� and �=1.781 is the Euler constant. Indeed,
by integrating Eq. �9� for g=0 �Bo=0�, we find

h�r�Bo=0 = −
ni

c

n2 − n1

n2 + n1

P

2��
�E1��bc

2

�0
2 � − E1�2r2

�0
2 �

− ln�2r2

�0
2 �� , �13�

where �bc is a radius, large compared to �0, which is defined
by the boundary condition h�r=�bc�Bo�1=0. For integration
we also assumed ��hBo�1 /�r��r=0�=0. To determine �bc, we
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solve Eq. �9� in its general form using the Fourier-Bessel

transform h�r�=0
�h̃�k�J0�kr�kdk, where J0 is the zeroth-

order Bessel J function. The general expression of h�r�, valid
for any Bo number, is

h�r� = −
ni

c

n2 − n1

n2 + n1

P

�
�

0

� exp�−
k2�0

2

8
�

�	1 − 	2�g + �k2J0�kr�kdk .

�14�

The nice aspect of Eq. �14� is that we can obtain an analyti-
cal expression of h�r=0�. We find

h�r = 0� = h�r = 0�Bo�1F�Bo� , �15�

where F�Bo� is given by

F�Bo� =
Bo

8
exp�Bo

8
�E1�Bo

8
� . �16�

We now compute the Bo�1 limit of Eq. �15�. As E1�x
�1��−ln��x�+x, we find

h�r = 0�Bo�1 � −
ni

c

n2 − n1

n2 + n1

P

2��
ln� 8

�Bo
� . �17�

Comparing the expression of h�r=0� given by Eq. �13� to
Eq. �17�, we deduce

�bc = 2�2�c/� �18�

and thus the expression of h�r� given by Eq. �12�. This exact
calculation reveals the logarithmic correction to the Bo�1
scaling law for h obtained by the scaling approach. On the
other hand, as E1�x�x→�→0 and �bc

2 /�0
2=8/�Bo�1, the so-

lution of Eq. �12� close to the beam axis is written

h�r � �0�Bo�1 � −
ni

c

n2 − n1

n1 + n2

P

2��
�ln� 8

�Bo
� −

2r2

�0
2 � .

�19�

Consequently, the curvature radius of the hump scales as �0.
Finally, Eqs. �11� and �15� lead to the prediction that,

given any value of Bo and according to Eq. �2�, the interface
deformation at normal incidence; i.e., their direction, shape,
and height should not depend on the direction of the beam
because n1�n2 �up-down invariance�.

C. Comparison with experiments

We analyzed the hump height h�r=0� of small-amplitude
deformations, obtained using both an upward and a down-
ward propagating beam, for several beam waists and power
values, and we compared our measurements to the above-
presented theoretical predictions.

Experimental validation of the scaling laws �11� and �17�
in the asymptotic regimes Bo�1 and Bo�1 can be found in
Ref. �18�. Moreover, Eqs. �15� and �16� show that the hump
height h�r=0� can be expressed in a synthetic fashion as a
function of both h�r=0�Bo�1 and Bo. In particular, h�r=0�
�Bo h�r=0�Bo�1 for Bo�1. We plot in Fig. 5 the variations

of the normalized hump height h̃�Bo�=h�r=0� /h�r=0�
Bo�1

versus Bo, measured for both upward and downward direc-
tions of propagation of the laser beam and for all the experi-
mentally investigated values of Bo. Both data sets collapse
onto the solid line representing the behavior of F�Bo� pre-
dicted by Eq. �16�. This agreement confirms the validity of
Eqs. �15� and �16� as well as the predicted invariance of the
deformation with respect to the beam direction at small de-
formation amplitude.

D. Beyond the linear regime: Up-down invariance breakdown

We end this section dedicated to the linear regime of de-
formation by characterizing the limits of this regime and,
more precisely, the up-down invariance breakdown in the
Bo�1 regime. Indeed, at moderate beam power, the inter-
face shape starts to noticeably depend on the direction of
propagation of the laser beam.

Let us first consider a laser beam propagating upward. In
the Bo�1 regime and for values of the beam power of the
order of 6�c�0 / �n2−n1�, the interface exhibits a tetherlike
shape, as shown by the right-hand picture of Fig. 6, whereas
the height h�r=0� deviates from the linear relationship h�r
=0�� P�n2−n1� /�c. Such shapes, which may be attributed
either to the coupling between the deformation of the inter-
face and the resulting refraction of the laser beam or to op-
tical nonlinearity induced by electro-osmosis, shall deserve
further investigation.

The situation is totally different for a laser propagating
downward. By increasing progressively the beam power P,
h�r=0� increases first linearly with P, as described in Sec.
III B. Then, h�r=0� presents a sharp increase as P ap-
proaches a well-defined threshold value called P↑, but re-

FIG. 5. Variations of the normalized hump height h�r=0� /h�r
=0�Bo�1 versus the Bo number measured for both upward ��� and
downward �•� laser beams. The solid line corresponds to the func-
tion F�Bo� given by Eq. �16�.
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mains finite and stationary, as shown in Fig. 6. P↑ is defined
as the threshold value of the beam power above which the
interface is no longer stable. Instability leads to the forma-
tion of a very long cylindrical jet, as shown in the left-hand
picture of Fig. 6. Its diameter is of the order of �0 whereas
its length is typically a few hundreds of micrometers. This
instability threshold as well as its possible origin is the pur-
pose of the next two sections. The physics of the jet will be
the subject of a future article.

IV. INTERFACE INSTABILITY

We studied this interface instability mainly in the Bo�1
regime, where surface effects overcome gravity effects.

A. Beam power behavior just below
the instability threshold

We measured the dependance of P↑ with respect to the
beam waist �0 and temperature difference T−Tc in the range
�0=3.5–11 �m and T−Tc=1.5–15 K, corresponding to
Bo=0.006–0.54. P↑ was determined with an accuracy of
±10 mW. The corresponding variations of P↑ versus �0 plot-
ted in Fig. 7�a�. For each value of T−Tc, P↑ is found to vary
linearly with �0. The variation of P↑ versus T−Tc for �0
=3.5 �m is plotted in Fig. 7�b� in log-log scales. It is found
to be compatible with a power-law behavior �T−Tc�1.01±0.05.

B. Dimensional analysis and empirical scaling law

In the Bo�1 regime, dimensional analysis shows that
P↑ /�c�0 is a function of �n2−n1� only. Given the power-law
behavior in P↑� �T−Tc�1.01±0.05 shown in Fig. 7�b� and con-
sidering Eqs. �6� and �4�, we can confidently assume this
function to behave as a power law of n2−n1: P↑��c�0�n2

−n1�x and find x= �−0.77±0.15��−1. The validity of this
empirical scaling law is confirmed by the variations of the
quantity P↑�n2−n1� /�c versus �0 shown in Fig. 8. The best
linear fit of this master curve gives

P↑ = �
�c�0

n2 − n1
with � = 6.3 ± 0.3. �20�

C. Possible optohydrodynamic mechanism for
the interface instability

As recently proposed in �28�, a possible cause for the
up-down invariance breakdown in the regime of large defor-
mation could be the fact that light rays propagating down-
ward in the phase of the largest refractive index can encoun-
ter total reflection when the laser impinges a highly
deformed interface; note that no such behavior occurs when
light propagates upward in the phase of the smallest optical
index. Increasing P progressively, total reflection would oc-
cur first along the circle formed by the inflection points of

FIG. 6. Variation of the hump height h�r=0� versus the beam
power P when light propagates upward ��� and downward ��� for
�0=5.3 �m and T−Tc=3 K. Right-hand picture: tetherlike shape
of the interface deformation appearing for increasing P when light
propagates upward. Left-hand picture: long jet observed above a
beam power threshold P↑, illustrated by the dash-dotted line, when
light propagates downward.

FIG. 7. �a� Variation of the beam power threshold P↑ versus the
beam waist �0 for several values of T−Tc. Lines represent linear
fits. �b� Variation of P↑ versus T−Tc for �0=3.5 �m in log-log
scales. The solid line is a power-law fit P↑	�T−Tc�1.01±0.05.
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the interface shape, where �i is maximum. This initially
small amount of reflected light would be refocused towards
the beam axis, resulting in an increase of the radiation pres-
sure at the tip of the deformation. This pressure variation
would in turn stretch the interface deformation and conse-
quently increase the area of the part of the interface which
totally reflects light. This positive feedback could thus be a
realistic mechanism for this optohydrodynamic instability.
As illustrated in Fig. 9, the plausibility of this mechanism is
supported by the observation of light focusing within the
deformation during the instability growth and the following
jet formation.

This mechanism is based on the assumption that the maxi-
mum of �i, �i max, equals the angle of total reflection �TR

=arcsin�n1 /n2� at the instability onset. We test the validity of

this hypothesis by measuring precisely the shape of the in-
terface just below the instability threshold in order to deter-
mine the maximum of the incidence angle along the inter-
face. Note that, given Eq. �5�, one has

�TR = arcsin

n0 −
�n0

2
�T − Tc

Tc
�0.325

n0 +
�n0

2
�T − Tc

Tc
�0.325 , �21�

where n0=1.464. �TR is expected to vary between 85° and
82° in the investigated temperature range T−Tc=2−10 K.
These very large values arise from the small index contrast in
our near-critical two-phase system.

D. Maximum angle of incidence just below
the instability threshold

1. Interface shape digitization

We captured and digitized the interface profile just below
the instability threshold �
P− P↑ 
 �10 mW� in the range of
beam waists �0=3.47–6.95 �m and for temperatures T−Tc
=2–10 K. In terms of Bo number, the investigated range is
Bo=0.008–0.14. Since we were interested in the slope of the
interface shape, particularly around its inflection points along
its sides, and since the determination of a slope is very sen-
sitive to digitization noise, we used a special process for
digitizing the interface shape. We computed the radial gradi-
ent of the raw picture �i.e., along the r axis�, and then we
detected the intensity maximum along each pixel line. Thus,
the left and right sides of the interface deformation are de-
fined in an unusual manner as rl�h� and rr�h�, as illustrated in
Fig. 10. For precision, the tip of the interface deformation is
more classically obtained by computing the vertical gradient
of the raw picture �i.e., along the z axis� and detecting the
intensity maximum of each pixel column. It is thus defined
as h�r�.

2. Determination of the angle of incidence around the inflection
points of the interface shape

In order to precisely determine the slope of the digitized
interface shape around its inflection point, we fitted each
of its sides rl�h� and rr�h� using two different polynomial
functions of third degree, Ql�h� and Qr�h�, which exhibit
a single inflection point. The angle �i�r� between the inter-
face and horizontal is obtained on the left and right
sides of the deformation using, respectively, �i�r��deg�
=−90−arctan��dQl /dh��h�r��� and �i�r��deg�=90
−arctan��dQr /dh��h�r��� �see Fig. 10�. Although we could
not estimate precisely the accuracy of this method for the
determination of the angle of incidence, we checked that fits
using polynomial functions of higher degrees gave close val-
ues for the maximum of the angle of incidence, and we con-
cluded that its accuracy was of the order of ±2°.

3. Maximum angle of incidence just below
the instability threshold

Calling �il max�0 ��ir max�0� the minimum �maximum�
of the angle of incidence along the left �right� side of the

FIG. 8. Rescaling of the data set presented in Fig. 7�a� according
to the scaling law given by Eq. �20�. The solid line is the best linear
fit.

FIG. 9. Proposed mechanism at the origin of the interface insta-
bility and the jet formation at P↑ showing optical lensing �t
=1.2 s� followed by total reflection of light at the edge of the de-
formation �t=2.4 s� and the resulting optical guiding by the induced
jet �t=3.6 and 7.2 s�. The experiment is performed at T−Tc=5 K,
�0=3.5 �m, and P= P↑=460 mW.
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interface shape, we define the maximum angle of incidence
as �i max= ��ir max−�il max� /2. The variations of �i max mea-
sured just below the instability threshold are plotted in Fig.
11 versus T−Tc for several values of �0, together with the
variation with T−Tc of the angle �TR predicted for total re-
flection. While �i max is found to fluctuate around 72° with
no noticeable dependence with respect to T−Tc, it is signifi-
cantly smaller than �RT by 10°–15°.

In Fig. 12, the variations of the same measurements of
�i max are plotted as a function of �0 for several values of
T−Tc. �i max is also found to exhibit no noticeable depen-
dance with respect to �0.

E. Discussion

The 10°–15° gap between �i max and �RT has a dramatic
incidence on the validity of the proposed mechanism which
assumes that instability is triggered by total reflection of light

within the deformed interface. As a matter of fact, since n1
�n2, the Fresnel reflection coefficient of energy R is very
small at any angle of incidence, except very close to �TR,
whatever the polarization of the incident wave �31�. This is
illustrated in Fig. 13�a� for the particular case of a transverse
electric �TE� polarized wave. In particular, R is of the order
of 10−3 for �i�72°. As a consequence, instability occurs
whereas only a very small amount of the incident energy is
reflected towards the tip of the deformation. Although this
instability mechanism has not to be definitely rejected, the
measurements of �i max presented in Figs. 11 and 12 indicate
that the scenario leading to the interface instability is more
complex.

To determine more precisely the actual influence of the
reflected light on the interface shape at the instability thresh-
old, we computed the additional contribution of the light
partially reflected at the interface to the radiation pressure
within the frame of geometrical optics. This computation,

FIG. 10. Digitization of the
interface shape shown in Fig. 2.
�+� Digitized left and right sides
of the interface shape rl�h� and
rr�h�. ��� Tip digitization. Solid
lines are fits of rl�h� and rr�h� by
polynomial functions of third de-
gree, Ql�h� and Qr�h�.

FIG. 11. Variation of the maximum angle of incidence, �i max,
along the interface measured just below the instability onset versus
T−Tc. Solid line: variation of the angle of total reflection �TR pre-
dicted by Eq. �21�.

FIG. 12. Variation of the maximum angle of incidence, �i max,
along the interface measured just below the instability onset versus
�0. The lines decorated with open symbols represent the corre-
sponding values of the angle of total reflection �TR predicted by Eq.
�21�.
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presented in Appendix B, shows that the additional radiation
pressure contribution of the partially reflected light is indeed
small compared to the radiation pressure of the incident light
everywhere along the interface except very close to the beam
axis, where focusing of the reflected light is probably over-
estimated. Consequently, the interface shape should be accu-
rately described by considering the radiation pressure of the
incident light only.

One way for retaining the idea of reflection-induced insta-
bility is inspired by Rayleigh-Bénard convection in pure flu-
ids near the liquid-vapor critical point �37�. In such super-
critical fluids, the onset of convection can be reached without
increasing either the temperature difference between the top
and bottom of the fluid layer or its height, but by increasing
only the thermomechanical susceptibility of the fluid, its co-
efficient of thermal expansion at constant pressure �P. This
can be done by reducing �T�−Tc ��T� is the average sample
temperature, Tc is the critical temperature�. In the present
experiment, the susceptibility to be considered would be the
rate of variation of the Fresnel reflection coefficient in en-
ergy R with respect to �i, �1/R�dR /d�i, whose behavior is
plotted in Fig. 13�b�. This quantity, which can be considered
as the relative variation of the reflected energy when �i fluc-
tuates about is steady-state value, corresponds to the suscep-
tibility of the interface shape to angle fluctuations. As illus-
trated in Fig. 13�b�, it increases strongly when �i approaches
�TR and takes values comparable to unity when �i approaches
72°. At such values of �i, small fluctuations of the angle of
incidence could be amplified due to the shape changes of the
interface induced by the large fluctuations of reflected energy
towards the tip of the deformation.

Note finally that �1/R�dR /d�i is actually independent of
temperature �except close to �RT�, in particular around �i
=72°. This can be related to the fact that �i max at the insta-
bility threshold does not depend on temperature �see Fig. 11�.

F. Summary

We proposed that interface instability could be triggered
by a radiation pressure increase due to the total reflection of
light towards the tip. We showed that at the instability onset,
only a small amount of incident electromagnetic energy is
reflected towards the tip, because the maximum angle of in-
cidence along the deformed interface is smaller than the
angle of total reflection, in contradiction with the proposed
model. Consequently, if the instability mechanism still in-
volves the light reflected towards the tip, it is more complex
than previously expected. Nevertheless, assuming that the
instability mechanism should be intimately linked to the in-
terface shape close to the instability threshold, we need to
know whether such a simple model as Eq. �8� describes well
the interface shape close to the instability threshold and
whether it can predict the onset of instability. This is the
purpose of the next section.

V. STATIONARY INTERFACE DEFORMATIONS BELOW
THE INSTABILITY THRESHOLD

A. Simple model valid in the Bo™1 regime

Let us assume deformations of arbitrary amplitude caused
by a downward-propagating beam. We have to take into ac-
count both the nonlinearity of the differential equation de-
scribing the interface shape and the fact that light impinges
on the interface at a finite angle of incidence. Then, consid-
ering Eq. �1�, Eq. �8� simplifies in the Bo�1 regime to

�
1

r

d

dr
�r sin �i�r�� = − n2cos2 �i�1 + R −

tan �i

tan �t
T�


2P

��0
2c

exp�−
2r2

�0
2 � , �22�

for incidence angles �i smaller than the angle of total reflec-
tion, �RT=arcsin�n2 /n1�. Following �38�, we use the dimen-

sionless coordinates r̃=�2r /�0 and h̃=�2h /�0. Since

n2cos2 �i�1 + R −
tan �i

tan �t
T� � 4�n2 − n1�� cos �i

cos �i + cos �t
�2

for n2�n1, we rewrite Eq. �22� as

d sin �i

dr̃
= −

sin �i

r̃
− K� cos �i

cos �i + cos �t
�2

e−r̃2
, �23�

where K=4�2�n2−n1�P /��c�0. This first-order nonlinear
differential equation is solved numerically with �i�r=0�=0
as the initial condition. The corresponding dimensionless in-

terface profile h̃�r̃� is obtained by numerical integration of

dh̃

dr̃
=

sin �i

�1 − sin2 �i

, �24�

with h̃�r=0�=0 as the initial condition. As gravity effects are
not taken into account here, Eq. �24� cannot predict accu-
rately the absolute height of the interface deformation, but
only its shape near the beam axis, where curvature effects
overcome gravitational effects.

FIG. 13. �a� Energy reflection coefficient R of a TE wave at the
interface as a function of its angle of incidence �i, for several values
of T−Tc. Symbols are a guide for the eye. �b� Energy reflection
coefficient growth rate �1/R�dR /d�i as a function of the angle of
incidence �i. Symbols are the same as �a�.
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B. Comparison with experiments just below
the instability threshold

1. Comparison between expected and measured interface shapes

To reproduce numerically the measured steady interface
profiles just below the instability threshold using Eq. �23�,
we did not use the experimental values of P↑, since they are
slightly noisy �see Fig. 8�. We rather choose to fix P so that
the computed value of �i max is equal to 72°, which corre-
sponds to the average value of the maximum angle of inci-
dence, �i max, measured just below the instability threshold
�see Figs. 11 and 12�.

The comparison between computed and experimental in-
terface profiles obtained at T−Tc=8 K is presented in Fig.
14. This confrontation is made in reduced coordinates and
for several values of beam waists. The experimental interface
shapes are found to be systematically wider than the pre-
dicted ones. However, satisfactory coincidence is met at the
largest values of �0, whereas disagreement is more pro-
nounced at the smallest values of �0. This trend is found for
each investigated temperature. This nonlinear model of
steady interface deformation can thus be confidently used to
simulate the interface shapes at the instability threshold for
large values of �0 with the aim of determining the instability
mechanism. We now discuss five possible causes for the mis-
match between predicted and experimental deformation
shapes observed at small �0.

�i� Gravity effects should appear at large values of Bo—
i.e., for large values of �0—and thus are to be rejected.

�ii� Thermocapillary effects, which are expected to scale
as P �35�—i.e., as P↑��0 at the instability threshold �Eq.
�20��—should decrease with decreasing �0 and thus are to be
rejected too.

�iii� Optical nonlinearity of the micellar phase of micro-
emulsion can also be suspected to modify the index contrast

at the interface and consequently the radiation pressure field.
As a matter of fact, the refractive index of a near-critical
microemulsion may exhibit large nonlinearities �39�, due to
both divergent electrostrictive and thermodiffusive �Soret ef-
fect� variations of concentration close to the critical point
�34�. The thermodiffusive contribution scales as P—i.e., in-
creases with �0 at P= P↑��0—and thus cannot explain the
mismatch between the predicted and experimental deforma-
tion shapes. On the contrary, the electrostrictive contribution
originates from migration of the polarizable micelles �of
lower refractive index than the one of the continuous oil
phase� out of the laser beam due to a force proportional to
the intensity gradient. Thus, electrostriction scales as I
� P /�0

2—i.e., increases as �0 decreases for P= P↑��0. More
precisely, the corresponding variation of the concentration
in micelles �
i in phase i, i=1,2, reads �
i�r�
=�i
i

2��n /�
�T2I�r� /c, where �i is the osmotic compress-
ibility at constant temperature of phase i �40�. The refractive
index ni of phase i can be expanded to leading order in �
i

as ni�r�=ni
L+ ��n /�
�T�
i�r�, where ni

L is the refractive in-
dex at low intensity of phase i. Thus, ni=ni

L+ni
NLI�r�, where

ni
NL=�i
i

2��n /�
�T
22I�r� /c. If we assume that the osmotic

compressibility of each phase reduces to its critical contribu-
tion written as �i=�i,0��T−Tc� /Tc�−�, where �i,0=�m /
ikBT
is taken as the osmotic compressibility of an ideal mixture
��m is the volume of a micelle, kB the Boltzmann constant,
and �=1.24�, then n1−n2=n1

L−n2
L+ �n1

NL−n2
NL�I�r� with

n1
L−n2

L= ��n /�
�T�
1−
2� and n1
NL−n2

NL= 2�m� kBTc ��T
−Tc� /Tc�−���n /�
�T

2�
1−
2�. Given ��n /�
�T�0, we de-
duce that n1

L−n2
L and n1

NL−n2
NL are of opposite signs. Conse-

quently, the electrostrictive contribution to the optical non-
linearity should lead to a reduction of the index contrast; i.e.,
the actual deformation height should be smaller than the one
predicted using Eq. �23�—i.e., without any optical nonlinear-
ity. Figure 14 shows that it is never the case. Thus, optical
nonlinearities are probably not responsible for the mismatch
between predicted and experimental deformation shapes.

�iv� The interface tip could be deformed by the additional
radiation pressure contribution of the light partially reflected
at the interface. Dimensional analysis shows that, in the Bo
�1 regime, the resulting perturbation of the angle of inci-
dence should be a function of P / P↑ and �n2−n1� only—i.e.,
of �n2−n1� only at the instability threshold �P= P↑�. How-
ever, the interface shape mismatch between experiment and
numerical simulation was not found to depend on tempera-
ture. Moreover, it is shown in Appendix B that the amount of
reflected energy at the instability threshold is very small and
results in a very weak additional contribution to the radiation
pressure. Consequently, this assumption also has to be re-
jected.

�v� Finally, the migration of the micelles out of the beam
due to electrostriction may change the interfacial tension at
the tip �Marangoni effect�. Writing the micelles concentra-
tion contrast as 
1−
2=
1

L−
2
L+�
1−�
2, where 
1

L−
2
L is

defined by Eq. �3�, and using the same assumption for the
osmotic compressibility as above,

FIG. 14. Experimental interface profiles at T−Tc=8 K just be-
low the instability onset �see Fig. 10 for symbols� represented in
reduced coordinates, for several values of the beam waist. Solid
lines: numerical interface profiles computed from Eq. �24� so that
�i max=72°.
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�
1 − �
2 =
�m

kBT
�T − Tc

Tc
�−�

�
1
L − 
2

L�
2I�r�

c
,

i.e., has the same sign as 
1
L−
2

L. Consequently, electrostric-
tion is likely to increase the micelle concentration contrast.
The two-phase system should be moved away from the criti-
cal line, the interfacial tension should increase at the tip, and
the resulting deformation should be lowered. This is in con-
tradiction with Fig. 14. Thus, the Marangoni effect should
not be able to explain the mismatch between the predicted
and experimental deformation shapes.

Having confronted the experimental and computed inter-
face shapes just below the instability threshold, we now
compare the experimental and computed beam power thresh-
olds P↑ required to trigger the instability.

2. Comparison between experimental and computed
threshold values of the beam power just below

the instability threshold

Since the maximum angle of incidence just below insta-
bility threshold is smaller than the angle of total reflection,
one would expect that the simple model of total internal
reflection induced instability presented in Sec. IV C, which
assumes that onset corresponds to �i max=�RT, would predict
too large threshold values for the beam power P↑ at the on-
set. This is not the case.

Indeed, we first note that Eq. �23� is numerically stable for
�i max�72°, in fact up to �i max=�TR, whereas interface
shapes are experimentally found to be unstable for �i max
�72°. Consequently, Eq. �23� does not contain the mecha-
nism of optohydrodynamic instability of the interface ex-
plaining an instability onset at �i max�72°.

Let us compute the threshold value PTR of the beam
power P at which the maximum of the function �i�r�, the
solution of Eq. �22�, reaches �TR. The analytic solution of a
linearization of Eq. �22� gives PTR=6.9�c�0 / �n2−n1� �28�,
whereas the numerical solution of Eq. �23� gives PTR
=6.5�c�0 / �n2−n1�. Both theoretical prefactors of these the-
oretical scaling laws are very close to the experimental pref-
actor given in Eq. �20� �relative differences less than 10%
and 3%, respectively�.

Let us now compute the value P72° of the beam power P
at which the maximum of the function �i�r� solution of Eq.
�23�, �i max, reaches 72°. We find that the relative difference
between PTR and P72° decreases from 3.4% at T−Tc=2 K to
2.4% at T−Tc=10 K. The difference between PTR and P72° is
in fact smaller than the experimental uncertainty in the P↑
measurements. Consequently, whereas the maximum angle
of incidence along the interface �i max is experimentally
found to be distinctly closer to 72° than to �TR at the insta-
bility onset, the measured beam power threshold P↑, which
actually coincides with P72°, can be confounded with the
power threshold PTR predicted by the model of total internal
reflection induced instability. This explains why a quantita-
tive agreement was found between the measured beam power
thresholds P↑ and the model of total internal reflection in-
duced instability presented in Sec. IV C, which basically
overestimates P↑.

VI. CONCLUSION

Using a soft interface between the coexisting phases of a
near-critical fluid mixture, we studied the interface deforma-
tions induced by the electromagnetic radiation pressure of a
focused cw laser beam. By varying the sample temperature,
the power, and the waist of the beam and making use of the
universal power-law behaviors of the physical properties of
the mixture, we showed in Sec. III B that the shapes of the
deformations result principally from the equilibrium between
the radiation pressure, the hydrostatic pressure difference,
and the Laplace pressure at the interface. Using a simple
linear model of static equilibrium of the interface �Eq. �9��,
we were able to explain the observed hump height variations
for any value of the Bond number Bo in the linear regime of
deformation. Furthermore, we showed that the deformations
were independent of the direction of propagation of the laser.
The linear regime of deformation seems to be thus well un-
derstood.

When the laser propagates from the more to the less re-
fringent phase and at moderate beam power, we observed an
instability of the interface leading to the formation of a long
jet acting as a waveguide for the laser beam. We proposed in
Sec. IV C that the total internal reflection of the incident
light on the highly deformed interface could be at the origin
of this instability. Using a simple nonlinear model of static
equilibrium of the interface taking into account the radiation
pressure of the incident light only �Eq. �23��, we could ex-
plain the observed beam power threshold of the instability as
well as the deformation tip shapes for the larger waists ob-
served just below the instability onset. According to this
model, the instability should occur when the interface slope
reaches the angle of total reflection, �TR. We measured the
maximum incidence angle along the interface, �i max, just
below the instability threshold and found that it was signifi-
cantly smaller than �TR. Furthermore, Eq. �23� does not
present any unstable behavior up to �i max=�TR. Thus, we are
in a paradoxical situation; i.e., we can satisfactorily model
the interface shape just below the instability threshold,
whereas the theoretical model �Eq. �23�� we use does not
contain any instability mechanism. To definitely determine
the relevance of this model of reflection-induced instability, a
numerical study of the stability of the deformed interface
should be developed by including the additional radiation
pressure contribution of the light partially reflected at the
interface. It should couple a fully nonlinear and unsteady
two-phase hydrodynamic model of the interface dynamics
and the computation of the propagation of electromagnetic
waves through the interface between both dielectric liquids.
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APPENDIX A: SIMPLE DETERMINATION OF THE
RADIATION FORCE AT ANY ANGLE OF INCIDENCE

The aim of this appendix is to compute the radiation force
acting on an interface under any angle of incidence. We con-
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sider two dielectric media, separated by an interface of arbi-
trary shape, with different refractive indices n. The indices i
and t refer to incidence and transmission, and �i and �t are,
respectively, the incident and transmission angles. The mo-
mentum carried by the incident light is not necessarily con-
served when the beam crosses the interface separating these
two dielectrics. The resulting discontinuity in momentum
gives birth to the radiation pressure applied to the interface.
Let us call t and n the tangent and normal directions to the
interface at the location where the light impinges the inter-
face �see Fig. 15�. We deduce the following properties: �i� an
incident photon gives the momentum �nih� /c��sin �it
+cos �in� to the interface, �ii� a reflected photon picks the
momentum �nih� /c��sin �it−cos �in� to the interface, and
�iii� a transmitted photon picks the momentum �nth� /c�
�sin �tt+cos �tn� to the interface. To calculate the radiation
pressure associated with a light beam, we denote N as the
number of photons impinging the interface per unit time and
unit surface area and R��i ,�t� and T��i ,�t�=1−R��i ,�t� the
classical Fresnel coefficients of reflection and transmission
of electromagnetic energy. Consequently, the momentum
variation dQ of the photons incident on an interface element
of area dS during the time dt is dQ=dQt+dQn, where t and
n denote, respectively, its components in the t and n direc-
tions:

dQ = dQt + dQn

= �ni sin �i − �Rni sin �i + Tnt sin �t��
Nh�

c
dSdtt

+ �ni cos �i − �− Rni cos �i + Tnt cos �t��
Nh�

c
dSdtn .

�A1�

Accordingly, dQt reads

dQt = �ni sin �i�1 − R� − nt sin �tT�
Nh�

c
dSdtt . �A2�

As ni sin �i=nt sin �t, dQt=0. There is no momentum trans-
fer parallel to the interface. Consequently, one has

dQ = dQn = ni cos �i�1 + R −
tan �i

tan �t
T�Nh�

c
dSdtn .

�A3�

Classically, the laser intensity I is defined as I=N0h�, where
N0 is the flux of photons though the beam section. As the
incident wave is tilted by an angle �i at the interface, one
gets N=N0cos �i. We deduce that the radiation force f acting
on a portion of interface of unit area is given by

f = ni cos2 �i�1 + R −
tan �i

tan �t
T� I

c
n . �A4�

Consequently, f is always normal to the interface. More-
over, by considering the expressions of the reflection and
transmission coefficients R and T �30�, it can be easily shown
that the optical radiation force is directed towards the dielec-
tric medium of the lowest refractive index.

APPENDIX B: COMPUTATION OF THE ADDITIONAL
CONTRIBUTION TO THE RADIATION PRESSURE OF

THE LIGHT PARTIALLY REFLECTED AT THE
INTERFACE WITHIN THE FRAME OF RAY OPTICS

The aim of this appendix is to compute the additional
radiation pressure acting on the interface due the light par-
tially reflected at the interface just below the instability
threshold. The exact computation of the electromagnetic field
along the interface resulting from diffraction and one or sev-
eral partial reflections requires a heavy numerical effort. In-
stead, we propose to evaluate at each point A1 along the
interface, the contributions to the radiation pressure �i� of the
light directly incident �called hereafter the direct ray� and �ii�
of the light having previously been reflected once at another
point A2 along the interface �called hereafter the reflected
rays�. Making use of the laws of ray optics, this approximate
evaluation should give at least some physical insights into
the contribution of partial reflection to radiation pressure.

The procedure is the following. We consider an interface
deformation just below the instability threshold. Taking ac-
count of the conclusions of Sec. IV E, we suppose that the
additional contribution to the radiation pressure of the light
partially reflected at the interface is small compared to the
radiation pressure due to the incident beam. So, following
the conclusions of Sec. V B, we use Eq. �24� as a realistic
model of interface shape just below the instability threshold,
although Eq. �24� does obviously not contain the mechanism
of instability. We determine the direct and reflected rays
reaching each point of this interface. We finally compute the
associated radiation pressure. This procedure is valid as long
as the additional radiation pressure due to the reflected light
is small compared to the radiation pressure due to the inci-
dent beam �perturbation method�.

1. Selection of rays using ray optics

Let us consider the point A1 of the deformed interface,
defined by the radius r1 and the height h1=h�r1�. A ray inci-
dent on point A2 of the interface �of radius r2, height h2

FIG. 15. Schematics used for the calculation of the radiation
force exerted by a laser beam on an interface separating two dielec-
tric fluids characterized by the refractive indices ni and nt. �i and �t

are, respectively, the incidence and refracted angles. t and n are the
tangent and normal directions at the location where the beam im-
pinges the interface.
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=h�r2�� is partially reflected towards A1 if �i� the following
geometrical condition is satisfied �41�:

h1 − h2

r1 − r2
= tan�2�2 −

�

2
� , �B1�

where �2=�i�r2� is the angle of incidence of the incident ray
in A2, 2�2−� /2 being the angle between the reflected ray
and horizontal, and �ii� the ray joining A2 to A1 propagates in
the phase of refractive index n2 �see Fig. 16�.

Knowing the interface shape h�r�, we solve numerically
these two conditions at each point A1 of the interface. The
reflected rays incident on the left side �r�0� of a particular
interface profile are plotted in Fig. 17�a�. An enlarged view
of the tip of the deformation is presented in Fig. 17�b�. For
r�−3 �m �area 1 in Fig. 17�a��, each point A1 of the left-
hand half-interface is reached by both a direct ray �not rep-
resented� and a reflected ray coming from a point A2 of the
facing, right-hand half-interface �r�0�. For −3 �m�r
�−0.3 �m �area 2 in Fig. 17�b��, each point A1 of the left-
hand half-interface is reached by a second reflected ray com-
ing from a point A2 of the facing half-interface that is very
close to the interface tip. For −0.3 �m�r�0 �area 3 in Fig.
17�b��, each point A1 of the interface is also reached by two
additional reflected rays coming from two points A2 of the
left-hand half-interface �i.e., such that r2�0�. This segmen-
tation of the interface in different areas as a function of the
number of reflected rays reaching them evidences the com-
plexity of computing the additional radiation pressure due to
reflected light.

2. Computation of the additional radiation pressure
due to reflected light

After determination of the reflected rays involved in the
additional radiation pressure, we are able to compute the
radiation pressure associated with these rays. A ray partially
reflected at point A2 impinges the interface at point A1 with
an angle of incidence equal to �−2 
�2 
−
�1
, where �1
=�i�r1� is the angle between the horizontal and interface in
A1. The intensity I��r1� of this ray incident at point A1 after
partial reflection at point A2 is

I��r1� =
r2

r1
I�r2�R��2� , �B2�

where I�r2� is the intensity of the direct ray incident at point
A2 and R��2� is the energy reflection coefficient of the ray
incident at point A2. Since R��2��1 and I�r� rapidly de-
creases with r, I��r1� can be large compared to the intensity
I�r1� of the direct ray only if �i� r2 /r1 is large—i.e., at points
A1 close to the beam axis �the divergence at r1=0 is an
artifact of geometrical optics that should be smeared out by
diffraction�—or if �ii� r2�r1—i.e., at high irradiance I�r2�.

Finally, the additional radiation pressure due to reflected
light of intensity I��r� is computed using Eq. �1�. In Fig. 18
both the radiation pressure � due to the incident beam of
intensity I�r� and the additional radiation pressure �� due to
the reflected light of intensity I��r� are plotted versus r for
the left-hand half-interface used in Fig. 17. Several remarks
can be made.

The most important one is that �� is found to be much
smaller than � for 
r 
 �10 �m, as assumed by this pertur-
bation method, except very close to the beam axis, where the
divergence of �� is due to an abusive use of ray optics. This
explains why Eq. �24� accurately reproduces the experimen-
tal interface shapes �at least for small beam waists�, although
it does not take into account the additional radiation pressure

FIG. 16. Geometry of the radiation pressure contribution of light
partially reflected at the interface. A1 is reached by a direct incident
ray and a ray having been previously reflected in A2.

FIG. 17. Shape of an interface at T−Tc=10 K deformed by a
�0=3.47 �m, P=822 mW laser beam, computed using Eq. �23�.
The light rays reaching regularly spaced points of the left-hand half
interface after one reflection are represented. �a� Wide view of the
interface. 1 labels the family of points of the interface reached by
only one reflected ray. �b� Enlarged view of the interface tip. 2 �3�
labels the family of points of the interface reached by two reflected
rays �four�.
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due to reflected light. Moreover, �� is found to be much
larger than � for 
r 
 �10 �m because 
r2 
 � 
r1
—i.e., I�r2�
� I�r1�. However, for 
r 
 �10 �m the total radiation pressure
is very small �less than 10−5 Pa�.

Second, the steep variations of ���r� are due either to the
total reflection at point A1 of the reflected ray or to the con-
tribution of an additional reflected ray as 
r
 decreases, cor-
responding to the transition from area 1 �2� to area 2 �3�, as
described in subsection 1.

The next step of this procedure would be to compute the
interface shape resulting from the radiation pressure of both
direct and reflected rays and to iterate the computation of the

radiation pressure field �procedure of the Hartree-Fock type�
in order to investigate whether it leads to instability. The
nonrealistic divergence of the light intensity at the hump tip
nonetheless makes this iteration irrelevant.

To summarize this appendix, we showed using ray optics
that, close to the beam axis, the additional radiation pressure
due to the light partially reflected on the interface is small
compared to the radiation pressure due to the incident laser
beam. Thus, if the jetting instability is actually due to the
light focusing at the tip, a model taking into account diffrac-
tion is necessary to evaluate it.
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